1. Introduction. In this paper we consider collections G of mutually exclusive compact sets whose sum is a subset X of a metric space. (We use the convention that a compact set is closed.) We shall be interested in whether or not G is upper or lower semicontinuous. See [8; °] for treatments of such collections.
The collection G is upper semicontinuous (or lower semicontinuous) if for each element g of G and each positive number e there is a positive number 5 such that if g' is an element of G such that p(g, g') <S, then g'EV(g, e) (or gEV(g', e)). Here p(A, B) denotes the distance between the sets A and B and V(A, e) is the set of all points whose distance from A is less than e.
If {gi} is a sequence of elements of G, the superior limit (or inferior limit) of {gi} is the set of all points p such that each neighborhood of p intersects infinitely many (or all but a finite number of the) elements of {gi}. If these two limits are equal, they are called the limit of {gi}, and {gi} is said to converge to this limit.
In the case where X is compact, the collection G is upper semicontinuous if for each converging sequence {pi} of points of X, the superior limit of {gi} (gi contains pi) lies in an element of G. The collection is lower semicontinuous if for each such sequence, each element that intersects the inferior limit of {gi} lies in it. The collection G is continuous if it is both upper and lower semicontinuous.
The following scheme reminds us of the definitions of upper and lower semicontinuity as given in real variables.
Lower semicontinuity <-» go C limit {g,j.
Upper semicontinuity <-> go D limit {gi}.
Continuity <-» go = limit {gi}.
Here {gi} represents a converging sequence of elements of G and go is an element of G that intersects the limit of this sequence.
If the elements of G are connected, G is called a monotone decomposition of X. An element (collection) is nondegenerate if it has more than one point (element). We show in Theorem 4 that if G is a lower semicontinuous collection each of whose elements is a nondegenerate continuous curve and A is a closed plane set, then G is also upper semicontinuous.
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License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 2. Decompositions and transformations. While upper semicontinuous decompositions have been widely studied, the notion of lower semicontinuous decompositions has not been used nearly so widely. We list some relationships between partially continuous decompositions and transformations.
For the most part, these statements are well known for upper semicontinuous decompositions and are no more difficult to prove in the lower semicontinuous case.
Suppose / is a transformation (not necessarily continuous) of a compact metric space X onto a set f(X) such that for each point y of f(X), f_1(y) is closed. Then / imposes a decomposition G on Xthe elements of G are the inverses of the points off(X). Here are two tests for the upper or lower semicontinuity of G: 1. G is upper semicontinuous if and only if, for each closed subset A ofX,f-y(A) is closed. 3. Reducing lower semicontinuous collections. Here we see how to reduce a locally compact continuum with a lower semicontinuous decomposition to a compact continuum with a decomposition which comes closer to being continuous. We define a continuum to be a closed connected set which is not necessarily compact.
If gi, g2 are two sets, the Hausdorff distance H(gi, g2) between them is the least upper bound of p(x, g,); «=1, 2; x£gi+g2. Theorem 1. Suppose G is a monotone lower semicontinuous decomposition of a locally compact continuum X and G has more than one element. For each element go of G and each positive number e there is a compact continuum M such that M is the sum of elements of G, M prop-[February erly contains g0, and the Hausdorff distance between each pair of elements of G in M is less than e.
Proof. Regard X as all of space. Since a locally compact connected metric space is perfectly separable, there is a countable basis for Xthat is, a countable collection {.£>,•} of open sets such that each open set in X is the sum of elements of {Di}.
If there is a continuum in X-Di that properly contains go and which is the sum of elements of G, let Mi be such a continuum; otherwise Mi = X. If there is a continuum in Mi -D2 which properly contains go and is the sum of elements of G, let M2 be such a continuum; otherwise M2 = Mi. In general, Mi+i is a subcontinuum of Mi which properly contains go and is the sum of elements of G; it misses Di+i if this is possible; otherwise Mi+i= Mi.
The intersection of Mu M2, • • • is a closed set M' that contains go and is the sum of elements of G. We show that M' = g0.
Let N(e) be the sum of all elements of G in M' whose distance (not Hausdorff distance) from g0 is greater than or equal to e. It follows from the lower semicontinuity that properly contains go and M" be the closure of the sum of all elements of G that intersect R. Then M" does not intersect E, but properly contains go, and is the sum of elements of G. If p is a point of E, there is an integer r such that DT contains p and Dr ■ M' lies in E. But MT would not contain p because M" is a continuum in M' -DT (hence in Mr-i-DT) which properly contains go and is the sum of elements of G. Hence, the assumption that go is not a component of M' has led to the contradiction that the point p of M' does not belong to M'. Since G is lower semicontinuous there is a positive number 8 such that if g is an element of G such that p(g, go) <5, then for each point p of go, p(P, g) <e/2. Since g0 is the intersection of the continua of Mi, Mi, • • • and lies in an open set whose closure is compact, there is an integer k such that Mh is compact and for each point p of Mk, p(Pt go) is less than either e/2 or 5. We can let M = Mk because if g is an element of G in Mk, then H(g, go) <e/2.
We note that the preceding theorem is not true if we replace lower semicontinuity by upper semicontinuity. The theorem implies that if go is an element of G there is a sequence of different elements of G converging to go.
Consider two examples of lower semicontinuous decompositions. Example 1. We describe a lower semicontinuous decomposition G, of a unit cube into arcs and disks. The decomposition is not upper semicontinuous.
Consider a base B of this cube. If 5 is a slice of the cube parallel to B and at an irrational distance from B, S is an element of Gt.
If S is a slice of the cube at a distance p/q (in lowest terms) from B, there is a continuous decomposition G(S, e/q) of 5 such that each element of G(S, e/q) is an arc which comes within e/q of each point of S. Each element of G(S, e/q) is an element of G.
Example 2. We may be unable to get M for Theorem 1 on which G is continuous. We give here an example of a lower semicontinuous decomposition G of a Hilbert cube such that if G' is any infinite subcollection of G whose sum is a continuum, G' fails to be upper semicontinuous.
We may regard the Hilbert cube as the cartesian product G XC2XdX
• We have found that if G' is continuous, the first coordinates of any two elements of G' are the same. Here w"., g', and C,-are regarded as coordinates of an element of G'. A similar argument shows that the other coordinates are also equal. Hence, G' has only one element.
Question. For some continua M (for an arc but not for a Hilbert cube) the following statement is true: For each nondegenerate monotone lower semicontinuous decomposition G of M there is a subcontinuum M' of M which is the sum of an infinite subcollection G' of G such that G' is continuous. It would be interesting to know for what types of continua this statement is true. The statement with "lower" replaced by "upper" is not true for any nondegenerate compact continuum.
If we had not been interested in getting a connected M, we would not have needed to suppose that G is monotone. We would have been able to conclude that the collection of elements of G in M is continuous. Consider the following result. Theorem 2. Suppose G has uncountably many elements and is a lower semicontinuous decomposition of a locally compact separable metric space X. There is an uncountable subcollection G' of G such that G' is continuous and the sum of the elements of G' is compact.
Proof. Since X has a countable covering {Di} by open sets with compact closures and each element of G is covered by. a finite subcollection of {Di}, there is a finite subcollection of {D,} that covers uncountably many elements of G. Hence, with no loss of generality we suppose that X is compact. The methods of Theorem 1 reveal that there is a compact set Af0 which is the sum of uncountably many elements of G such that if gi, g2 are two elements of G in Mo, then H(gu g2) <1.
Again these methods reveal that Mo contains two mutually exclusive compact subsets C\, C\ such that each is the sum of uncountably many elements of G and such that if gi, g2 are elements of G in d (i = l,2), then H(gi, g2)<l/2. Let Mi = C[ + C\.
In general, Mi is the sum of 2* mutually exclusive compact sets C[, C2, ■ • ■ , C2t such that C) is the sum of uncountably many elements of G and if gi, g2 are two elements of G in C], H(gi, g2) <l/2*. Each C) contains two of the compact sets C,+1, Cl+1 in Mi+i.
The collection G' of elements of G in M' = M0-Mi-• ■ • is continuous. Also, G' has uncountably many elements since it is a Cantor set with respect to its elements as points.
Although this concludes the proof of Theorem 2, it is of interest that if X is compact, and N(e) is the sum of the elements g of G at which G fails to be upper semicontinuous by e (for each i there is a gi in G such that p(g, gi) <l/i, gi(£ V(g, e)), then N(e) is closed and contains no open set. Hence the sum of the elements of G at which G is continuous is a dense Gt set.
In a bicompact connected Ti space it does not follow that for each pair of points there is a continuum irreducible between them. Hence, Theorem 3 shows that not each bicompact 7\ space is a space g(X) of the type referred to in statement 6 of the preceding section Transformations and decompositions. The following result follows from the same type of argument given in the proof of Theorem 1.
Theorem 3. If G is a monotone lower semicontinuous decomposition of a connected compact metric space X and A, B are two nonnull closed subsets of X, there is a continuum M in X which is irreducible with respect to being a continuum which is the sum of elements of G and inter- We find that G must be upper semicontinuous also. Example 1 shows that the hypothesis of Theorem 4 must include the condition that the sum of the elements of G is planar.
Theorem 4. Suppose G is a lower semicontinuous decomposition of a closed planar set such that each element of G is a nondegenerate continuous curve. Then G is also upper semicontinuous.
Proof. Suppose Ei, E2, E3 are three point sets. We say that the arc a is hooked with respect to Ei, E2, E3 if it contains two arcs ai, ct2 with at most an end point in common such that oti intersects all three of Ei, E2, E3 and a2 intersects two of them. Compare this notion of being hooked with the idea of a sequence of chains being hooked as given by Anderson on page 650 of [l] .
On the assumption that G is not upper semicontinuous we show that there is a decreasing sequence of compact continua Mi, M2, ■ • • and three decreasing sequences of domains Dn, Di2, • ■ • (i=l, 2, 3) such that: • is a point pi with pi^p27^p39^pi. But since the arc a0 cannot be hooked with respect to the three points pi, p2, p3 there is an integer j such that a0 is not hooked with respect to £>iy, D2i, D3j. Hence the assumption that G is not upper semicontinuous will have led us to a contradiction.
Suppose g is an element of G at which G is not upper semicontinuous. Then there is a sequence of elements gi, g2, • ■ ■ converging to a closed set W which properly contains g. From Theorem 1 there is a compact continuum M in W which properly contains g, is the sum of elements of G, and is such that if g', g" are two elements of G in M, then the Hausdorff distance II(g', g") <1.
Let Gm be the collection of elements of G in M. We now establish two properties of Gm that we shall use.
Property
1. All but a countable number of elements of GM are arcs. Since the plane does not contain uncountably many triods, all but a countable number of elements of Gu are arcs or simple closed curves. If Gm contained uncountably many simple closed curves, it would contain three such that some one of the three separated the other two from each other in the plane. This is impossible for the sum of the three simple closed curves would belong to the inferior limit of a sequence of plane continua which does not intersect the sum. We note that if M' is any subcontinuum of M which is the sum of uncountably many elements of G, then the collection of elements of G in M' has properties 1 and 2.
Let a be an arc in M which is an element of G, and Du, D2U Dn be three mutually exclusive domains intersecting a. We show that there is a continuum Mi in M which is the sum of uncountably many elements of G and such that each arc in Mi which is an element of G is hooked with respect to Du, D2i, D31.
Let Di, D2, • • • , Dn be a chain of open topological disks covering a such that DiDj is connected or null according as i and j are or are not adjacent and each of Du, D2i, D31 contains a link of the chain which intersects a. We suppose that Dni intersects a, DniEDn, and re!<re2<W3. For convenience we suppose that Dni, Dn%, Dni are the interiors of circles with centers on the x-axis and that if L is the part of the x-axis to the left of Dnt and R is the part to the right of D"" then L+R does not intersect any link of the chain.
By Theorem 1 there is a continuum M' in M such that M' is covered by D\, D2, • • ■ , Dn, M' contains a, and M' is the sum of an uncountable subcollection G' of G such that each element of G' will intersect each of £>"" £>",. Each element will also intersect Dni because D", is between Z>", and Z>"3.
In each element g of G', select an arc h" which is irreducible from Dm to Dnt and denote the collection of all such arcs by H. The elements of H have a natural linear order-for example, h' is above h" if it lies in the complementary domain of L+Dm+h" +Dn2+R which is unbounded from above.
Since G' is not upper semicontinuous, there is a converging sequence g2, gz, • • ■ of elements of G' and two elements go, gi of G' which belong to the inferior limit of g{, gl, • • • . Let hi be the element of H in g!. Since some subsequence of h2, h%, ■ ■ ■ is monotone, we suppose that hi+i is above hi if *>1.
In the linear order of H, one of the sets h0, hi is separated from all but a finite number of elements of h2, h3 Example 4. It is essential to suppose that the elements of G be continuous curves and not just continua.
Let M be a nondegenerate hereditarily indecomposable continuum. Such continua have been described by Knaster [6] , Moise [7] , and Bing [2; 3] . Kelley has shown [5] that there is a continuous decomposition G' of such a continuum into nondegenerate continua. Let g be an element of G' and G" be a continuous decomposition of g into nondegenerate continua. Then the collection consisting of elements of G" and elements of G' other than g is lower semicontinuous but not upper semicontinuous.
